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ABSTRACT 

Relatively little work has been performed in the past on 
inventory control models for low demand repair parts. A simple 
inventory control system for determining optimal stockage ob- 
jectives for such items is discussed and evaluated over a wide 
range of parameters. Stockage objectives are obtained by 
minimizing the total variable cost which is considered to be 
the sum of the carrying and outage costs. A one and two depot 
supply system is studied for items whose stochastic demand 
characteristics have stationary Poisson probability distri- 
butions. Computer programs are presented for evaluating the 


models along with the resulting graphs and tables. 
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le Introduction 

Inventory control models for items with extremely low demand 
have received relatively little attention in the past. In fact, 
it was not until after World War [1, when operations research 
emerged in force, that significant detailed attention was focused 
to any extent on any phase of the stochastic nature of inventory 
problems. During previous times, inventory systems had been 
treated as if they were deterministic, except for a few isolated 
cases, such as some of Wilson's work where an attempt was made to 
include probabilistic considerations [5 ]. About 1947 a stochastic 
version of the simple lot size model was developed by Whitin [14] 
whose book, published in 1953, was the first book in English which 
dealt in any detail with stochastic inventory models. Although 
operations research methods have been increasingly applied to in- 
ventory control problems, the emphasis has been primarily on fast 
moving units with the resulting literature being concentrated in 
this area. 

For military supply systems it is recognized that a large 
proportion of the total number of items carried in stock, par- 
ticularly in the technical repair parts inventory, fall into the 
Slow moving category. More and more new and sophisticated equip- 
ments are being used by the Navy. This causes the introduction of 
a large number of repair parts into the supply system. Many of 
these repair parts, such aS common resistors and capacitors, are 
frequently used and consequently create a rapid turnover of stock. 
However, the majority of repair parts experience very little move- 
ment. As an example, over half of the electronic repair parts 
maintained in inventory have no demands during a three month 
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period. The basic reason that so many slow moving items are 
stocked is that insurance is needed since there are often no 
immediately available commercial sources for these items and 
therefore equipments, and possibly ships and planes, could be 
down for extended periods while a long lead time item was being 
produced. With the increasing trend in the introduction of 
exotic equipments, it can be expected that even more items will 
become peculiar to military use. Therefore, it can be antici- 
pated that a large percentage of the items maintained in the 
military inventory will continue to be stocked for insurance 
purposes and be of the slow moving variety. The problem of 
designing a workable and acceptable control system for low 
demand repair parts is therefore very important. This paper is 
presented as an aid in helping to solve this problem. 

The basic purpose in constructing a mathematical model of 
an inventory control system is to use it as an aid in developing 
a suitable operating policy. Many models have no immediate 
application because of the restrictiveness of the assumptions or 
because of their abstractness. They are developed, however, 
because they exhibit some theoretical properties which are im- 
portant in understanding the nature of inventory systems. 
Nevertheless, solutions which are not effectively computable 
are not properly solutions at all. Existence theorems are 
necessary in the development of the state of the art, but should 
not be confused with algorithms which provide optimal solutions. 
Even iterative methods which lead in principle to a solution can- 
not be regarded as acceptable if they involve computations beyond 
the scope of present day computers [1]. Although much effort has 
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been applied to theoretical work lately, a considerable amount 
of work has also been accomplished which is concerned strictly 
with practical applications. The military has sponsored many of 
the studies that have proceeded along both practical and theo- 
retical lines. 

In most models an attempt is made to develop procedures that 
will minimize overall cost. The model presented in this paper is 
no exception. Since the military system is so complex, it would 
be extremely impractical to attempt to establish a model which 
would be expected to function properly for all items under the 
control of the various inventory managers. If such a model were 
produced it would be so complicated that it would be extremely 
difficult, if not impossible, to solve any problem analytically. 
Consequently, it seems logical and imperative that models be de- 
rived with reference to some subset of the entire military in- 
ventory. The model for slow moving items presented in this paper, 
with the resulting graphs and tables intended to assist in the 
application of the model, meets the above inventory segmentation 
restriction as well as being of a practical nature. Although the 
total military inventory system is multiechelon in nature, only 
the wholesale portion, or that part which is directly controlled 


by an inventory control point will be considered. 





IA Basic Model 

Because cost reduction or cost minimization is a primary 
objective in the management of the Navy's Supply System, the basic 
problem is to establish optimal stockage objectives for the many 
items carried in inventory; that is, objectives which minimize the 
attendant costs. The total cost minimization concept is simply 
Stating the supply performance goal as the minimization of the sum 
of the variable costs. Variable costs are segregated from fixed 
costs since a change in operating policy does not cause a change 
in fixed costs. The following model is concerned with establishing 
an inventory control policy for items with extremely low demands. 

Due to the slow moving nature of the items being considered, 
certain basic assumptions can be reasonably made. When the ex- 
pected savings in ordering costs that would result from buying in 
lots is less than the concomitant increases in carrying charges, 
there is no justification for using a lot size formula. When this 
is the case, it is appropriate to buy a new item as units are 
demanded and the model presented will assume items are ordered one 
at a time. 

When the demand pattern is described probabilistically, then 
it will be said that a stochastic process generates the demand 
pattern. tn the real world, the stochastic process associated 
with the demand pattern will always be changing with time; how- 
ever, In some cases these changes are so slow that they may be 
ignored, and the mathematical model, it may be assumed, has no 
such changes. The assumption is made here that the items have a 
Stationary Poisson probability distribution for demand. 


If the demand pattern is of a stochastic nature, it is 
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seldom economically feasible for a system to carry enough stock 
so that there will always be material on hand when a requisition 
is received. A most important characteristic of the control pro- 
cess is what happens when a demand occurs when the system is out 
of stock. Classically, two possibilities arise. Either the 
demand is lost, or a backorder is established and the customer 
waits until the inventory system obtains sufficient stock to 

meet the demand. Because of the captive nature of the military 
supply system's customers and the belief that if a repair part is 
ordered it is needed, only the backorder possibility will be con- 
sidered. 

Procurement lead time (PLT) is defined as the interval be- 
tween the time when the inventory control point decides that an 
order for a replenishment should be made and the time that material 
arrives at a stock point and is received and available for issue 
to a customer. Seldom will the PLT be constant, since the ship- 
ping time, the time to fill the order, and the time required to 
process the necessary paper work and take the material up in 
stock can vary from one order to another. Of course, it is seldom 
possible to predict a priori precisely as to what the lead time 
will be, It is assumed, however, that the variations in lead time 
is small enough so that, in the model presented here, the PLT may 
be considered to be a constant for any given item of supply. It 
will be pointed out that this assumption is inconsequential if 
there is independence between the lead time periods. 

When speaking about cost minimization, it is necessary to be 
specific in regard to what costs are being considered. The costs 
incurred in operating an inventory system play a major role tn 
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determining what the operating policy should be. The various 
cost components to be included, as well as the time periods over 
which they are computed and the method of handling the stochastic 
elements of the problem, must be indicated. Since some costs are 
always fixed despite the policies being followed, they need not be 
included in a minimization problem as they would have no relative 
effect on the outcome. An attempt will be made, however, to 
identify the fixed costs as well as the variable costs which in- 
fluence inventory policy. Fundamentally, there are five types of 
costs which may play an important role in developing operating 
policies. These are: 

1) Carrying cost 

2) Outage cost 

3) Procurement cost 

4) Issuing cost 

5) System operating cost 
In the following paragraphs these costs will be discussed in some 
detail; it will be apparent that these costs will vary from item 
to item and from time to time. 

Carrying cost. A most important consideration is the cost of 
carrying an item in the supply system or the cost of maintaining 
inventories on hand. This cost is often referred to as the holding 
Or storage cost. Included in this cost is the real out-of-pocket 
costs such as breakage, pilferage, loss of material at the storage 
site, and costs of maintaining and operating the warehouses and 
bookkeeping costs. Basically, these are the costs of overhead at 
a supply depot. Another important cost, which is not a direct 


out-of-pocket cost, but rather an opportunity cost, is incurred by 
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having capital tied up in the inventory of a certain item rather 
than having it invested elsewhere. This opportunity cost is 
ordinarily considered a function of the discount rate. Although 
discount costs may be more important to a commercial concern, 
they cannot be ignored in government work, as funds are limited 
and interest is continuously being paid on money borrowed by the 
government. In the Department of Defense the discount rate is 
often considered to be in the neighborhood of 5 percent, although 
some economists feel that this is understating the rate several 
fold, The cost caused by having funds invested in inventory is 
properly a part of the carrying cost. There is one other cost 
not mentioned above, for which an attempt is often made to include 
aS a part of the carrying charge. This is: the obsolescence cost, 
often referred to as the salvage cost. The salvage cost of a no 
longer need item is the original cost plus the discount rate 
multiplied by the amount of time the material was held in inventory 
minus its disposal value. Salvage costs are always incurred at a 
fixed point in time, but the obsolescence date can rarely be pre- 
dicted with a degree of certainty in advance. A method to aid in 
minimizing this cost will be discussed later in this paper. Not 
all of the individual costs which contribute to the overall carrying 
cost vary in the same manner. In fact, it is very difficult to 
represent accurately all the costs involved. Therefore, it is 
usually necessary to introduce some simplifying approximation, 
As is frequently done fin the literature, it will be assumed that 
Planning Research Corp. R-156 ''The Interest Cost of Holding 


Military Itnventories.'' This report indicates that a more realistic 
figure would be in the neighborhood of 20%. 





the instantaneous rate at which carrying costs are incurred is 
proportional to the dollar investment in inventory at that point 
in time or the carrying cost (C;) equals IC 


where | = Constant of proportionality 


C Unit cost 

Outage Cost, The outage cost, often referred to as the 
stockout or penalty cost, also plays an important role in the 
model. The outage cost is the cost which results when a requi- 
sition is submitted, and there is no stock on hand (i.e., when 
demand exceeds supply). In the model only system stock outage 
is considered (a tacit assumption that redistributions are free 
and instantaneous). [Ina later section of this paper, redistri- 
bution costs and depot outage costs will be included and analyzed. 
Although stock outages can create either backorders or lost sales, 
only the back order case will be considered since the probability 
of a loss sale in a military supply system is extremely slight. 
Additionally, such factors as loss of customers! goodwill need 
not be considered for self-evident reasons. The primary factor, 
therefore, is the cost of having some equipment inoperative, or 
Operating at less than full efficiency, because of the lack of a 
repair part. The administrative cost caused by backorders can 
usually be considered to be insignificant compared to the cost 
of having an equipment down and consequently will just be con- 
Sidered to be an intregal part of the overa!l outage cost. 
Outage costs are difficult to quantify since all items, par- 
ticularly critical fttems, must be examined in some detail. The 
cost of not having a knob for an electronics equipment would 


normally be zero since this convenience part could be lost and 
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the equipment could still be operated to full efficiency. At 
the other extreme, a repair part for a fire control radar on a 
Guided.Missile Cruiser could be needed which would cause the 
entire fire control system to be down, with the result that the 
ship in question might become a liability rather than an asset. 
The outage cost per unit of time in this latter example could 
be evaluated as many thousands of dollars. Unfortunately, this 
example iS not too unrealistic since the redundancies found in 
weapon systems aboard World War II type ships are often not 
provided in the more recent, sophisticated and expensive ships. 
Consequently, it is unrealistic to manage our present supply 
system disregarding an outage cost. Fortunately, however, this 
cost is not too sensitive as will be shown in the evaluation of 
the basic model over a wide range of parameters. As in the case 
of the carrying cost, the outage cost, denoted Co in the model, 
will be assumed to be a linear function of time. This seems to 
be a reasonable approximation of the real world situation. 
Procurement cost. Procurement costs can be divided into 
two parts. First, there is the amount paid to buy an item which 
represents the cost of the unit purchased. Second, there are the 
costs incurred by the inventory system itself in making a pro- 
curement which are basically the costs of processing an order 
through an inventory control point. These costs include such 
things as paper and postage costs, costs of telephone calls and 
telegraph messages, cost of computer time needed to make any 
necessary computations or to update records. They often include 
the costs of transporting the item from the source to the appli- 


cable supply depots and the receiving costs incurred at the supply 





depots. The costs incurred by the supply system itself in 
placing an order of a given amount Z of an item is a function 


of the amount ordered and can be represented by C(Z). Various 


~ 
~~ 


assumptions about this cost function C(Z) appear reasonable in 
different circumstances. The simplest is that a linear function 
exists or that the cost of ordering is directly proportional to 
the amount ordered. In the literature a concave or convex 
function is often hypothesized, but in the simple model pre- 
sented here a fixed cost will be assumed, since items are always 
ordered one at a time. 

Issuing costs. The process of making an issue creates 
cests throughout the cycle of the issue procedure. The normal 
issuing costs include those caused by various accounting 
operations, stock record updating, invoice preparation, material 
picking and issuing, and packing and shipping procedures. The 
important thing to note about all of these costs is that, while 
they vary with demand rates, as long as stock is on hand they 
generally will not depend on the operating policies used to control 
the supply system. Therefore, they do not need to be considered 
when studying costs that vary as operating policies are changed. 
However, the costs arising when a requisition is received when 
there is no stock available will depend on the operating policy, 
as the fraction of the time that an outage occurs is dependent on 
this policy. For convenience, this later cost will be included in 
the stockout costs which were discussed previously. Using this 
technique, it will be unnecessary to further consider issuing 
Cos tom pemece. 


system operating costs. in order to apply any given 
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operating policies, an inventory system must gather data 
necessary for its use. The cost of collecting this information 
is dependent on the type of system used. Such costs as having 
a computer continuously update the Inventory records, the cost 
of making an actual inventory count, and the cost of making 
demand predictions should be included. Since transaction re- 
porting systems, and uniform data processing equipments and 
programs, are or will be used in the near future throughout a 
major segment of the supply system, system Operating costs wil] 
be considered to be fixed costs. 

For deterministic models, it has been shown that it is 
never optimal to have any stock on hand when an order arrives 
[5]. However, it is normally true that the optimal safety level 
should be positive. The reason for this, of course, is to limit 
the occurrence of outage costs which could be caused by the ran- 
dom nature of lead time demands. 

There remains the question of how the stochastic demand 
element in the problem is to be handled. It will be necessary 
to introduce probabilities and compute expected values in order 
to determine the average cost per time period. Since an order is 
placed each time there is a demand; the stockage objective must 
remain constant. The stockage objective equals on hand units plus 
on order minus backorders. Denoting the stockage objective by S, 
the problem is to determine the optimal value of S which will 
minimize variable costs. In the case in question, the optimal §S 
is found by balancing carrying costs against penalty costs, since 
all other costs have been assumed fixed. For the model to be 
meaningful, demands will be considered to be of a discrete nature 
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and S to be an integer. It is also assumed that within a leadtime 
all S units over and above the backorders will become available to 
meet demands; this means that there is no special reservation 
system, Or that issues will always be made if stock is on hand 
regardless of the priority of the demand. 

Let K(S,u) be the total expected variable cost for the mean 
procurement lead time (PLT) involved and let Z be equal to the 
Stock on hand at any instant of time. Z represents a bookkeeping 
stock and therefore can assume negative values. The notation 
p(x) will represent the probability that there will be x units 
demanded during the PLT. Since a Poisson distribution is being 


used, 


ens 
p(x) = x! 
where A = mean demand rate 
T = PLT 

For notational simplification, let u = \T or u will equal the 
Poisson parameter for the PLT period. The probability that Z 
units are on hand in the system at any instant of time is there- 
fore simply p(S - x). The expected on hand inventory at any 


instant of time is then, 


S 


Y (8 = x) P(x) 


X=O 


Similarly, the expected number of backorders is 
oO 


Y. (x = 8) p(x) 


x=S+] 


Multiplying by the carrying and outage costs gives the expected 


LZ 





total variable cost (K(S,u)) per PLT 


S co 
(1) K(S,u) = ¢; yy (S - x)p(x) + ¢, > (x = 5) p(x) 
X=O x=S+| 


The optimal S which minimizes K(S,u) occurs when, 


oOo CO 
C 
(2) p(x) => _V/l => p(x) 
Omar, 
x=S x=S+] 


The complete derivations of equations (1) and (2) are developed 
in Appendix A. 

lt has been shown by Hadley and Whitin [5] that the same 
results are obtained when the lead times are considered to be 
random variables that are exponentially distributed provided the 
various lead times are independent. The same optimal stockage 
objective is obtained in either case as long as material is 
ordered as soon as a demand is received. A more surprising 
result which is also pointed out [5 | is that the optimal stockage 
Objective is independent of the nature of the lead time distri- 


bution, providing the lead times are independent. 





3. Alternative Model 

lt is felt that the basic model is sound and the assumptions 
reasonable with the exception of the assumption that there is 
only one stocking point in the supply system, or alternatively, 
that redistributions are free and take place instantaneously. 

The case where redistributions are neighter free nor instantaneous 
will now be examined. It is known, of course, that a cost does 
occur when material is moved from one stock point to another and 
that, even while utilizing premium transportation, a significant 
amount of time is required to move material across country. The 
question to be examined, therefore, is whether costs resulting 
from redistributions warrant consideration and continual 
evaluation. 

In order to make such an analysis, it will be necessary to 
make some simplifying assumptions so that analytical solutions 
can be derived. The first of these assumptions is that the dis- 
tribution system for slow moving repair parts in the Naval Supply 
System is a relatively simple one. To decrease Overhead or 
carrying costs, low demand items are normally stored at only two 
activities in the wholesale supply system (i.e., Naval Supply 
Centers at Oakland and Norfolk!), Consequently, in this analysis 
only a two stock point system will be considered. 

Additionally, it will be assumed that the demands at these 
two activities are independent. If independence is not hypothe- 
sized, the analysis becomes extremely complex and no attempt is 

Minterviews with Bureau of Supplies and Accounts personnel 


revealed that this policy will be extended under the Uniform Data 
Processing System presently being instrumented. 
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made here to account for dependent situations. 

The system being considered, therefore, will be a two 
depot system with a central inventory control point which 
peeeives ane necessary control data through a direct transaction 
reporting network. Stockage objectives in the Naval Supply 
System are computed based on the total system demand, not on 
the sum of depot stockage objectives derived from individual 
depot demand patterns. The model formulation follows this 
basic policy. 

Actual redistributions per se will not be considered in 
this model, but rather transcontinental shipments are provided 
when one of the depots cannot satisfy a request from its ware- 
house while the cther depot has stock on hand. That is, re- 
distributions are made only when depot stock levels reach zero 
and there is a backorder and the request can be satisfied by 
supplying material from the other coast. This is normally the 
procedure that is followed in practice since stock levels are 
small due to the low demand items under consideration. This 
procedure does not necessarily imply that the optimal policy 
would never indicate the need for a redistribution until there 
is a backorder; it oniy implies that the probability of this 
event is small enough so that it does not have an appreciable 
influence on the system stock position. 

The total variable costs in the expanded model can be con- 
sidered to be equal to the system carrying cost plus the system 


outage cost plus the two depot outage costs, or: 





co 


S 
(3) K,(S,u) = 165 ». (S-x)p(x,u) + Co (x-S)p(x,u) 
= xX=0 


x=S+ | 
1°] co 
+ Cy! > (x-Si)p(x,ur) + Cy’ yy (x-S9)p(x,u5) 
x=S,+1 X=Sot | 


where the first two terms on the right of the equality are the 
Same as in the basic model and the last two terms are the indivi- 
dual depot outage costs. Obviously, S;, + S»5 = S where S equals 
the system's stockage objective. To simplify the problem, S| 
will be allowed to equal S/2 or S/2 - 1/2 depending on whether §S 
is an even or odd integer respectively. Thus, it is assumed that 
the demands at the two stock points are approximately equal. The 
following notation applies: 

2x: = ) = Mean system demand rate 

u = Mean system demand per PLT 

ur = \it = At/2 = Mean depot demand during redistribution time 

period 
where t = redistribution time 

Since both average redistribution times (t) and procurement lead 
time (PLT) are considered to be constant, t = T/A where A is a 
constant or proportionality, and u) = u/2A. 

The depot outage cost per lead time equals the system outage 
cost (C5) plus the cost of transportation (v) or 

Ci, = GABF 
The last two terms of equation (3) can be combined and allowing 


C), = 2C', equation (3) can be rewritten as 
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S 
(4) Ko(S,u) = Cy yy (S-x)p(x,u) + C., 3 (x-S)p(x,u) 
xX=O 


x=S+ | 


fe @) 


LEN ». (x-S,)p(x,u/2A) 


x=Sit+ | 
As is shown in Appendix B, the optimal stockage objective (S) which 
minimizes K,(S,u) is one for which S satisfies the following in- 


equalities: 


CO | oO 
C C 
(5) » p(x,u) + 4 » p(x,u') <=] 
C.+C C,+C 
x=S+] lee x=S,+1 VAR 
© ©] oo 
=) psu) + Ci ». ee 
C +e 
x=$ x=$, 
where u!' = u/2A 


By evaluating a large range of parameters, it has been shown that 
the depot outage cost influences optimal stockage objectives to a 
very slight degree and may therefore be disregarded. This will be 


discussed in greater detail in the following section. 





4, Discussion and Results 

A mathematical model would only be of academic value if the 
assumptions made while constructing the model were unrealistic. 
An attempt will be made in the next few paragraphs to look at the 
assumptions involved more closely to attempt to show that the model 
approximates the real world situation to a large degree. 

The basic possible defect in the model is felt to be the one 
stocking point distribution system. Looking closely at the 
alternative model, which was discussed in the previous section, 
it has been determined that the addition of the depot outage cost 
factors have a very slight influence on the determination of an 
optimal stockage objective. With the aid of a CDC 1604 computer 
and a Fortran computer program, which is presented as Appendix D, 
the stockage objectives were evaluated at 19,200 different com- 
binations of parameters. Iterations were made over a wide range 
of the four variable parameters involved. The below chart lists 
the parameters, number of different values assigned to the para- 


meters, and the range of the values assigned: 


Parameters Number of values assigned Range 
Carrying cost per quarter 8 $2 - $100 
Outage cost per quarter 8 $20 - $25,000 
Mean system demand per P.L.T. 50 || pele elt 
Ratio of P.L.T. to redistribution time 6 7.5 - 45 


Of the 19,200 evaluations made, only on 533 occasions (2.8% of the 
time) did a stockage objective differ from the objectivies derived 
by the basic model. In each of these cases the new stockage 

objective was one greater than that determined by the basic model. 


As would be expected, the number of deviations decreased rapidly as 
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the ratio of PLT to redistribution time increased. When using 

the 7.5 ratio there were 238 (7.4%) differing stockage objectives; 
while using the 45 ratio, only 38 (1.2%) deviations were generated. 
For this reason, more values were not generated using even higher 
ratios of PLT to redistribution time, although the real world 
expectation would often be in the greater than 45 range. For 
example, the PLT for many procurements is longer than three months, 
while redistributions could be made in less than two days using 
aircargo as the mode of transportation. Twenty dollars was used 

as a fixed transportation cost in this evaluation but this value 

is of little importance in most instances since it is added to the 
Outage cost which normally predominates. As a result of the analy- 
sis, it can logically be concluded that disregarding redistribution 
costs, which include the attendant depot outage costs, does not 
significantly change the model as long as the PLT to redistribution 
time ratio is greater than 7.5. As will be pointed out later, if 
the PLT approaches zero there is no incentive to stock material at 
all and the entire problem becomes trivial. 

The assumption that all items involved would always be ordered 
as soon as an issue is made (i.e., ordered one at a time) is more 
difficult to explain. This assumption is critical to the ana- 
lytical development and a much more complicated model, with the 
resulting evaluation difficulty, arises when the order quantity 
becomes greater than one, For extremely low demand values, one-at- 
a-time ordering seems intuitively appealing. The demand factor 
would therefore provide an upper bound regarding the application 
of the model. 


The salvage or obsolescence problem provides the other major 
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drawback to the model. If no salvage cost factor is included in 
the carrying cost then it is tacitly assumed that all material 

will eventually be used. This, of course, is often not the case 
since new equipments usually replace existing equipments throughout 
the fleet in a relatively short time period which causes the repair 
parts stocked in support of such equipments to become obsolete 
through the loss of applications. [n many instances, the demand 
pattern appears truncated because of this phase out policy rather 
than steadily approaching zero as a repair part ages in the system. 
A realistic approach to this problem would be to reevaluate the 
Outage cost periodically with the possible expectation of reducing 
this cost as an item remains in the system. [n many cases it might 
be found that as an item ages it peuones less critical to the 
system, since the equipment it is Supporting has become less 
critical due to the introduction of newer equipments or because 

of other modifications. The inventory manager should control 

this problem area by including an obsolescence factor in the 
carrying cost and insuring the establishment of undavedr re AIP 
penalty cost periodically. 

The assumption of a constant procurement lead time is not a 
critical one since, as pointed out previously, the average PLT can 
be used no matter what the distribution functions, and the same 
results obtained. The model does point out that the argument that 
longer PLT's only cause an earlier investment in inventory, but no 
overall long run increased cost, to be fallacious except where 
demand patterns are deterministic. An increase in the PLT, when 
demands are of a stochastic nature, increases the probability of 


eventually disposing items to salvage. This area could be a 
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rewarding field for separate study. In a similar vein, the 
assumption of a Poisson demand pattern was used because it 
seems to be the most appropriate; however, conceptually, the 
distribution could be arbitrary. 

A primary consideration, which is an integral part of the 
model, is the need to recognize the important function played by 
the cost of stock outages in the formulation of inventory con- 
trol policy. Although outage costs are often vaguely or tacitly 
recognized, seldom has there been an attempt by Navy inventory 
control managers to thoroughly evaluate this cost. To make an 
extremely accurate evaluation is, at best, very difficult, if 
not impossible, but this is not a justification for completely 
avoiding the issue. Goodwill and customer satisfaction losses 
need not be considered because of the captive nature of the 
military supply system's customers which would be involved in a 
competitive civilian economic system; however, the intangible 
national security factor is introduced. The goals of the logis- 
tician must be framed in the environment of deterrence, the 
ability to win should war come, national security and the impact 
on the national economy [3]. Fortunately, as is shown in Table l, 
the optimal policy does not tend to be very sensitive to outage 
costs, and hence an estimate that is of the proper order of 
magnitude will suffice. . Since the outage cost is not sensitive, 
inventory managers should be more prone to make a judgement as to 
its value, whereas a manager would be very reluctant to do so if 
a poor guess could cause large disparities. At least some ranking 
System in this area is needed since funds are limited and a saving 
in a non-critical area can be applied to the purchase of more 
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critical repair parts, with the end result providing additional 
security. 

A sinple cost analysis at an inventory control point should 
result in a reasonably accurate estimate of an item's carrying 
cost. An examination of Table | shows that extreme accuracy is 
not a necessity, although this cost is much more sensitive than 
the outage cost. When evaluating the carrying cost, it is nec- 
essary to approach the problem on an overall! cost basis rather 
than attempt only to minimize costs in a parochial area while 
disregarding total system costs. Perhaps one of the basic 
deterrents of using variable cost minimization as an objective 
in a military supply system is the inflexibility of the budget 
Structure. The cost minimization concept assumes that there is 
a trade-off between operating funds and funds for investment in 
inventory. Actually, the current budget process separates the 
formulation and review of the budgets for each of these fund 
segments which makes trade-offs more difficult to affect since 
managers tend to suboptimize in their field of concern while 
often disregarding the overall effect of such suboptimizations. 
If overall costs were considered, the model would offer a 
budgeting tool since total costs could be determined by adding the 
Fixed costs to the variable costs involved. Carrying costs and 
Outage costs vary from item to item and from time to time. In 
order to apply the model presented here it is, of course, neces- 
sary to evaluate those costs. The third value which is necessary 
to find is the average demand rate (u) per average PLT, which is 


u = \T/13 
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where \= Average quarterly demand rate 
T = PLT tn weeks 
This transformation has been chosen since data are normally 
Be caiaecuin the units cited. These three parameters can be 
entered in Table | and the appropriate system stockage objective 
determined or the ratio of carrying cost to carrying plus outage 
cost (C; /C, + C,) can be calculated and the appropriate stockage 


objectives read from Figures |] or 2 which are presented on the 


following pages. 
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OPTIMAL STOCKAGE OBJECTIVES (S) 
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ae Conclusions 

The model presented in this paper is simple enough so that it 
can easily be applied. More importantly, the assumptions appear 
to be reasonable approximations of real world situations as they 
exist in the present Naval Supply System, which tends to justify 
the consideration of possible application of the model. Addi- 
tionally, the approach followed points out the need for further 
development of a means of determining outage or penalty costs. 
Until this facit of inventory control is fully appreciated and 
thoroughly attacked, inventory policies will be less effective 
than they might be. 

As a final remark it is worth noting that, although the 
mathematical model observed was optimized with respect to cost, 
it does not necessarily follow that the real world system re- 
presented by the model will also be optimized. Since a number 
of simplifying assumptions were made in order to derive the model, 
what is expected is that the model will provide a reasonable 
operating policy if applied. In practice, there are so many 
variables and such a large number of complications that it is 


difficult to say what an optimal policy means. 
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APPENDIX A 
FORMULATION OF BASIC MODEL 

{nitially consider a single item at t = 0 with a stockage 
objective S = 0. Demands (x) are observed at times t = 1,2,3,.... 
Let x(t) be a random variable of demand at time t and assume the 
demand distribution to be Poisson with parameter u. 
Therefore 

x(t) = p(x,u) = eu" 

ag 

The ordering or purchasing policy is defined as order at 
time t the quantity equal to the demand at time t. This implies 
that x(t) units are to be added to the stock on hand at time 
(t + T), where T = procurement lead time. 

if t = T, no ordered stock will have arrived by time t, 


since the first order was placed at time t = 1. Let z(t) be 


the random variable representing stock on hand, Therefore 


ie 
z(t) =S - _ if t=] 
\ 


i=] 


If t 


n+ T, (n=O), then the stock ordered at t = 1,....,n 


will have entered the system. This implies that 


n+ T n n+T 
z(t) =S - ) x, + ) a S - ) x 
i= i= i=n+ | 


i.e., the stockage objective S equals the sum of the stock on hand 
and on order. 
Therefore for t=»T 


z(t) = S - x where x is a random variable x(n+1) +..... +x(n+T) . 
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The development will now be confined to time t>T since 
after time T the system may be considered to have achieved a 
Stable state. 

|[t should be noted that z(t) is a bookkeeping stock and may 
take on a negative value. If z(t) is less than zero, z(t) units 
are needed at time t which are not available and an outage 
results. Conversely, if z(t) is greater than zero a carrying 
cost is incurred, This leads to the creation and examination 
of two new random variables. 

1) A random variable y(t) of demand unable to be filled 

0 if z(t)e=n0 
"Gs = 
= (L)eteatt)— 0 
ya A random variable w(t) of stock on hand 
Z(t) if zee) 20 
w(t) = 
0 if z(t) =30 


The following probability statements may then be written: 


S 

p y(t) = o | = » p(x,u) 
X=0 

p y(t) = x] = p(S + fu) x = 1,2,3,... 
Co 

e | w(t) - 0] = yy p(S + x,u) 


29 








p [w(t) = x]= {p(s - xu) for S71 x1,...,8 
0 for x =S = 0 
From these probabilistic equations the expected values of on hand 


and shortages are computed as follows: 


oo 
SSO) ee y xp(S + x,u) 
Ss 
E(w(t)) = » xp(S - x,u) 


The total expected cost K(S,u) is then equal to the carrying 
cost (C,) times the expected stock on hand plus the outage cost 


(C,) times the expected stock shortage or 


K(S.u) = CE(w(t)) + CQE(y(t)) 
S 00 
= C, >. xp(S - x,u) + C., a xp(S + x,u) 
X=0 xX=0 oe 
S 00 
= Sine. X = aS 
= C > we =u ( +. C,, xe 2 we 
(Ss - x)! (S +x)! 
x=0 X=0 
Since 
S 0 
=u a(S x) : 
y xe = (S.= %) elo ay 6= 
(S$ - x)! v! 
xX=0 =S 
S 
yy (S - x) e pein 
x! 
=0 
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where v= S =. 


and similarly 


fore ©0 
a ees) = yy (a=eS) es cuc 
(S + x)! x! 
X=O X=S+ | 
2 | a0 
kts) u) = C, yy (S-x) enue. 4 C. yy (x=S ses cue 
x! x 
X=O x=S+ | 


The following additional transformation is performed in order that 
the accumulative Poisson distribution function tables [3] can be 


used when evaluating the equation. 





S 00 
(Al) k(S,u) = C)S | Y plasu) 2s yy p(x,u) 
X=0 x=S+ | 
S oo 
- C, Y lu) + Cy > xp (x, u) 
X=O x=S+ | 
co ao 
-s[c( - 5 p(x,u)) = Cy 7 p(x, u) | | 
x=S+ | x=S+ | 
© s 
+ C, 3 xp(xu) -¢ [u- yy xp (x, u)] 
x=S+ | x=S+ | 
and since 6 
yy xp(x,u) = u yy »(x,u) 
x=S+ | x=S 
= 
K(S,u) = s[c, -(C, + Cy) >. p(x,u)} -u[c, 
x=S+ | 


3] 











oOo 


- (C) + C.) >. p(x,u) | 


x=§ 


By substituting in equation (Al) above 


S-1 S-] 
(A2) K(S-l,u) = C (S-1) ) p(x,u) - C, » Meo) 
=0 X=0 
00 a0 
-C,(S-1) >. p(x,u) + Co yy xp (x, u) 
x=§ x=S 


By subtracting equation (A2) from (Al) 


fore) 
(A3) K(S,u) - K(S-l,u) = C - (C, + c.) 2. p(x,u) 
=§$ 
00 
Since \ p(x,u) decreases as S increases, 
x=$ 


K(S,u) - K(S - l,u) increases as S increases. The object is now 
to find the S which minimizes the total variable cost K(S,u). 
(A4) K(1,u) - K(0,u)=0 implies that the optimal S is zero. 
(A5) K(1,u) - K(0,u) = 0 implies that the optimal S is O or 1. 
If K(l,u) - K(0,u)=<0 there are two cases involved. 
Case 1) There is an optimal S (denoted S')>0O 
(A6) such that K(S',u) - K(S' - 1,u) = 0 which implies that K(S,u) 
is a minimum at S' and S' =-l. 
Case 2) There is an S'>O such that 
(A7) K(S',u) = K(S' -l,u)<O<—K(S' + 1,u) - K(S',u) which implies 


thatek(Sau) is acmilniimntmeats a 


BVA 





Substituting the right hand side of (A3) into (A7) gives 


oc 


or 
C, - (C, + c,) yy p(x,u)=0=C, - (C, + Co) ‘¥ p(x,u) 


a x=S! x=S'+] 
This implies that 
a0 
C= (C, + C,) yy p (x, u) 
x=§! 
and 
foe) 
ek yy p(x,u) 
x=S'+] 
or 
oo ao 
yy p(x,u) =» i> fi p(x,u) 
C) + C, 
x=§! x=S'+] 


Substituting the right hand side of (A3) into (A4&) gives 


rere) 
K(l,u) - K(0,u) = C, - (C, + c.) yy p(x,u)=0 


x= | 
which implies that 
00 
| > p(x,u) 
Cy + C. 
x= | 
and 
seed GO 
C 
i=) seein ~) nen 
C,+C 
x=O - x= 





The above must hold since Cy and C. are both assumed to be 
positive values. The above also implies that a minimum for 
K(S,u) exists at a unique S if and only if there is an integer 


S' such that 


feo) Coo 
C 
yy p(x,u)=_ 7] > » p(x,u) 
C a C. 
x=S! x=S'+] 
fore] 
if K(S',u) - K(S' -l,u) =O= C) - (C, + c.) yy p(x,u), 
x=S! 
then 
oO 
C , : 
l = ». p(x,u) which implies S' and S' - 1 are 
C +C 


2 x=S! 


both optimal solutions. 


, } 
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APPENDIX B 
FORMULATION OF ALTERNATIVE MODEL 

The basic model is expanded to include two stock points and 
the Pesunaine incorporation of redistribution costs between the 
two depots. The total variable cost, therefore, becomes the 
system carrying cost plus the system outage cost plus the depot 
Outage cost. Where it is assumed that the demand rate at the two 
depots is approximately equal, 

2 = = mean system demand rate 

where N= mean depot demand rate. 


The total variable cost K5(S,u) equals 


S 00 
(BI) K,(S,u) = C, yy (S-x)p(x,u) + C, - (x-S) p(x, u) 
X=0 x=S+ | 
0 
+C,, 7 (x-S1)p(x,u,) 
x=S,4+1 


Letting S); equal the stockage objective at one depot S, = 57/2 Oj 
S/2 - 1/2 depending on whether S is an even or odd integer. Also 
u = \T = mean system demand during PLT where T = PLT. 
The depot demand rate u, is 
a dt = \t/2 = mean depot demand during the redistribution 
time period where t = redistribution time. 
Both t and T are assumed to be constant, therefore 
A' = T where A' is a constant of proportionality. 
This wifes that 
a mee 


2 
2A! A 
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The depot outage cost is considered to be equal to the system 


outage cost plus a transportation cost, or 


Ci, =vt Co where v = the transportation cost 
C, = 2(v + Co) since the factor of 2 is caused by a 2 depot 
system. 


Equation (BI) can now be rewritten as 


S 


ore) 
(B2) K,(S,u) = C, yy (S-x)p(x,u) + C, yy (x-S)p(x,u) 
xX=0 X=S+] 
vere) 
+ C,, . (xSP Oxse 
x=S | +1 


Letting the first two terms on the right hand side of the equality 


equal K(S,u) (from Basic Model), and u = u' (B2) becomes 
A 
0 
(B3) K,(S,u) = K(S,u) + C, » (x-8))p (x,u") 
x=S )+ 1 
00 00 
= K(S,u) + C,, » xp(x,u') - CS, yy p(x,u') 
x=S)+1 x=S +1 
rere) or 
= K(S,u) + C, E : p(x,u') - S| \ n(x, 
x=S| x=S,+1 
fe) 
= k(S,u) + C, Jorr(s, 0") ru y p(x,u") 
x=S 41 
oo 
i S| >(x,u') 
x=S +1 
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(B4) = K(S,u) - C), (s, = uy) » p(x,u') 


= s'p(5, 0") 
Substituting S-1 for S in (B3) gives 


©0 
K(S-l,u) + C), yy (x-S)+1)p(x,u') if S is even 


X=S | 
(BS) K, (S-1,u) - 


co 
K(S-l,u) + C), » (x-S,)p(x,u') if S is odd 


x=S +1 





The following results are then obtained by subtracting (B5) from 
AES): 
If S is odd 


K(S,u) - K(S=1,u) 


Ky(S,u) = Ky (S-1,u) 


If S is even 


Le @) 
K,(S,u) ~ K, (S-1,u) Ce (C, + Cc.) ¥. p (x,u) 
x=S 


fee) Le ©) fe @) 
: C,, 3 xp(x,u') - C, yy xp(x,u') + C,,(S)-1) >. p(x,u') 
X=S jt 1 X= X=S | 
00 
- CS yy p(x,u!) 
x=S +] 
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where the first two terms on the right of the equalty are from 


Appendix A. 
00 
= Cc = (C, + C.) » p(x,u) - CS p(S),u') 
x=S 
oO CO oO 
+ C)S, yy p(x,u') - C), » px ee CS, > p(x,u!') 
X=Sy =S) x= St 
ao 
7 ENS on oy > p(x,u) - C,S p(S),u') + C,S)p(S),u') 
=S 
oo 
= 4 yy BiG te) 
x=S 
co CO 
oa C) = (C, + C.) » p(x,u) = C,, > cin) 
=S X=S) 


fore) 
K5(S,u) - K, (S-1,u) increases as S increases since ) p(x,u) 
x=$ 
00 
and ) p(x,u') both decrease as S increases. Therefore, fol- 
X=S | 
lowing the same arguments as in Appendix A, the optimal value of §S 
can be shown to be that value which satisfies the following in- 


equalities: 
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x=St+| X=S +1 
fe @) 
2 Ch, ) o(x,u') 
C.+C 
eee x=5 
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APPENDIX C 
COMPUTER PROGRAM FOR EVALUATING BASIC MODEL 
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MEAN DEMAND VALUE PER P.L.T. 
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EQUALS 2.1 


MEAN DEMAND VALUE PER P.L.T. 
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EQUALS 2.2 


MEAN DEMAND VALUE PER P.L.T. 
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MEAN DEMAND VALUE PER P.L.T. 
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EQUALS 2.4 


MEAN DEMAND VALUE PER P.L.T. 
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MEAN DEMAND VALUE PER P.L.Te 
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DEMAND VALUE PER P.L.T. 
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EQUALS 2.7 


MEAN DEMAND VALUE PER P.L.T. 
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EQUALS 3.4 


MEAN DEMAND VALUE PER P.L.T. 
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MEAN DEMAND VALUE PER P.L.T. 
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MEAN DEMAND VALUE PER P.L.T. 
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MEAN DEMAND VALUE PER P.L.T. 
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